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QOutline of the talk

Many of the most important theorems in analysis assert that pointwise
hypotheses imply uniform conclusions. Perhaps the simplest example is the
result that “a continuous function on a compact set is uniformly
continuous’.

The uniform boundedness theorem is one of the central theorems of
functional analysis and it has first been published in Banach's thesis, in the
year 1922. Uniform boundedness principle was discovered by Lebesgue in
1908 in investigations on Fourier series, it was isolated as a general
principle by Banach and Steinhaus.
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QOutline of the talk

The uniform boundedness theorem (UBT) enables us to determine whether
the norms of a given collection of bounded linear operators { T, } have a
finite least upper bound. Clearly, since the norm was defined to be a
real-valued (not an extended real-valued) mapping, the norm of each T,
must be finite, but there is no guarantee that they might not form an
increasing sequence. The uniform boundedness theorem provides a criterion
for determining when such an increasing sequence is not formed. That is, it
states that a pointwise bounded sequence of bounded linear operators on
Banach spaces is also uniformly bounded.

In the talk, we discuss the following :

Proof of the UBT using Baire's theorem
Proof of the UBT using gliding hump argument
Simple elementary proof of the UBT

Consequences/applications of UBT



Before we start, let us see the notations first.

K

14

%)

oo

<o

Bx
Sx
M
X*
N(T)
R(T)
T*
Tl
B(X, Y)

the field of real or complex scalars

the set of absolutely summable sequences

the set of square summable sequences

the set of bounded sequences

the set of convergent sequences coverging to 0
the closed unit ball in X

the unit sphere in X

the closure of M

the dual of X

null space of T

range of T

the adjoint of T

a norm of the operator T

the space of bounded linear operators from X into Y
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Pointwise and Uniformly Bounded

Definition 1.

Let X and Y be normed spaces and let A be a family of linear operators
from X into Y. The family A is said to be pointwise bounded on a
subset E of X if for each x € E, there exists My > 0 such that ||Ax|| < My
for all A € A, that is, supc 4{||Ax||} < co. In other words, for each

x € E, there exists a ball B[O, M] contains all Ax with A € A.

The family A is said to be uniformly bounded on a subset E of X if there
exists M > 0 such that ||Ax|| < M for all A € A and for all x € E. In other
words, there exists a ball B[0, M] contains all Ax with A € A and x € E.

v

We simply call A is uniformly bounded (or, norm-bounded) when
{||A|l : A € A} is a bounded subset of real numbers (that is,

supaca{l|All} < 0).
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Pointwise and Uniformly Bounded

Clearly, uniformly bounded implies that pointwise bounded. The converse is
also true in finite dimensional normed spaces.

If a collection A of linear operators on a finite dimensional normed linear
space X which is pointwise bounded, then A is uniformly bounded.

Let X and Y be normed spaces and let A be a family of linear operators
from X into Y. Let Eg = {x € X : ||x]| <, <,=r}.

m A is pointwise (uniformly) bounded on Eq iff A is pointwise
(uniformly) bounded on X.

m A is uniformly bounded on X iff A C B(X,Y) and {||A|| : A€ A} is
a bounded subset of real numbers, that is, sup sc 4{||Al|} < oc.
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Pointwise and Uniformly Bounded

Let X be a complete metric space and A be a set of continuous
complex-valued functions on X (not necessarily linear). Then either

1. A is uniformly bounded on some open ball (i.e., there exists a
nonempty open ball U in X such that sup{|Ax|: A€ A, x € U} < o0,

or

2. there exists a dense subset D of X such that A is not ponitwise

bounded at every point of D (i.e., sup{|Ax| : A € A} = oo for each
xeD).

Corollary 5.

Let (f,) be a sequence of complex-valued continuous functions on the real
line which converges at every point. Then there is an interval | and a finite
real number M such that |f,(x)| < M for all x € I and n=1,2,.. ..

4
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Uniform Boundedness Theorem

Theorem 6 (Uniform boundedness principle, 1922).

Suppose X is Banach, Y is a normed space and A C B(X,Y). If A is
pointwise bounded, then A is uniformly bounded. That is, when X is
Banach, uniform boundedness and pointwise boundedness are same.

Proof. For each x € X, there exists My > 0 such that ||Ax|| < M for all A€ A. Let

En ={x e X :||Ax|| < n,VA € A}. Then X = U2, E,. By Baire’s category theorem, at least
one Ej is not nowhere dense set. That is, (E¢)° = EQ # 0. As Ej has nonempty interior, there
exists u € Ex and r > 0 such that B(u, r) C Ei. For every nonzero x € X we have

u+ ﬁ € B(u,r) CE = ||Au—|—A(ﬁ)H < k, for all A€ A. Now ||A(ﬁ)|| < 2k, for all
A € A since ||Au|| < k. Therefore ||Ax|| < %HXH, for all x € X, for all A€ A. Thus ||A]| < 47“
for all A € A.
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Let Dy = {x € X : ||Ax|| > n, for some A € A}. Let D =N, Dy. Since X is complete, Baire's
theorem implies that either D is dense in X, or some D, is nondense in X, that is, Dy # X. Let
D be dense in X, and s(x) = sup{||Ax|| : A € A}. If x € Dy, then s(x) > ||Ax|| > n for some
A€ A. Thus, if x € D, then x € D, for all n, and so s(x) > n for all n, s(x) = o0, a
contradiction to pointwise bounded. Suppose some D, is nondense in X, that is, Dy # X. Then
there is a € X, with a ¢ Dy. Hence there is r > 0 such that the open ball B(a, r) is disjoint
from Dy. So if x € B(a, r), then x ¢ Dy, and hence x ¢ Dy for all A € A, so ||Ax|| < N for all
A€ A. Thus, ||Ax|| < N forall Ac Aand x € B= B(a,r).

By Proposition 3 and Theorem 6, we have the following:

Let X be a Banach space, Y be a normed space and A be a subset of
B(X,Y) such that A is pointwise bounded. Then for each bounded subset
E of X, the set A is uniformly bounded on E.
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The completeness hypothesis cannot be dropped from uniform
boundedness principle.

Example 7.

X = cpo with respect to the norm ||.||p, 1 < p < co. Define fy(x) = nxn. Then sup, |fa(x)| < co
(because the terms of the sequence x are zero after some stage.) However ||fy|| = n, and hence
sup [|fal| = oo.

Example 8.

| \

X = coo with sup norm and fy(x) = 377, x;. {fn} is pointwise bounded and ||fo|| = n because
[fa(x)| < n||x||oc and fu(1,...,1,0,...) = n. Note that {f,} is not uniformly bounded because
||fa]| = n is an unbounded set of real numbers.

Example 9.

The linear space X = P|a, b], all polynomials on [a, b] with respect to the norm
[Ix|| = max™_{|an|}, where x = ap + a1t + - - - + amtm. Define fo(x) = > " _q am, then {fp} is
pointwise bounded but it is not uniformly bounded, since {||fa|| = n+ 1} is unbounded.
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Continuous Seminorm

Actually only the following properties of A € A are used in the proof of
Theorem 6. The function x — ||Ax|| is continuous from X to nonnegative
real numbers, ||A(x + y)|| < ||Ax|| + ||Ay|| and ||A(kx)|| < |k| ||Ax]| for all
x and y in X and k € K.

A function having these properties is known as a continuous seminorm
on X. Thus, the uniform boundedness theorem is true for a collection A of
continuous seminorms on X.

Theorem 10.

Let X be a Banach space, and let {py} be a family of continuous
nonnegative functions on X, each satisfying the conditions

pa(x +y) < pa(x) + pa(y) and pr(—x) = pa(x). Suppose for each x,
supy pa(x) < co. Then supy supjj <1 PA(X) < oo.

P. Sam Johnson Uniform Boundedness Principle 11/53



Proof

For each n, let G, = {x : supy pa(x) < n} = Nx{x : pa(x) < n}. Since py are continuous, C, is
closed. By the hypothesis X = U,C,,. So, by the Baire category theorem there exists an ng such
that the set Cpy contains a closed ball B[xg, r]. Let x be any element of X such that %||x|| <r.
Then the vectors xo + 5 are in the ball B[xo, r]. Since x = xo + 5 — (x0 — 5) we have

PA(x) < palxo + 3) + palxo — 5) < 2no.

This is true for all x with |[x|| < 2r. Hence, supy sup <2, Pr(X) < 2np < co. If 1 < 2r, the
proof is over. If this is not the case, choose a positive integer m > % Now if ||x|| < 1, then

I %1l < 2r, and px(x) < mpx(Z) < 2mng. So, supy supjj. <1 PA(X) < 2mng < co.
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A version of the uniform boundedness principle for

continuous ‘affine’ functions

A version of the uniform boundedness principle for continuous ‘affine’
functions defined on a bounded complete convex subset of a normed space
X is as follows:

Theorem 11.

Let X (not necessarily Banach) and Y be normed spaces, E be a bounded
complete convex subset of X, and A be a set of continuous maps (not
necessarily linear) A: E — Y satisfying

Alrx+(1—=r)y)=rAx+(1—r)Ay for 0<r<1landx,y€E,
such function is called an affine function.

Then a set A of continuous affine functions is uniformly bounded on E iff
it is pointwise bounded on E.

4
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We have the following theorem when a collection of bounded

operators on Banach spaces is not uniformly bounded.

Let A be a family of bounded linear operators from a Banach space X to a
normed space Y and D be the set of all x € X such that the set
S« = {||Ax|| : A € A} is unbounded. Then D is dense in X or empty.

Proof.

Since A is not uniformly bounded, it is not pointwise bounded. Then there exists xg € X such
that xo € D. Let Xo = X\D. As Xp is a proper subspace of X (xo ¢ Xo), the interior of Xp is
empty, (Xo is nowhere dense, hence it is of first category). Therefore (the complement of Xo) D

is dense in X.
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Suppose that D is not dense in X. Then there is a € X with a ¢ D. So there is r > 0 such that
the open ball B(a, r) is disjoint from D. In particular, a ¢ D. Let x be any element of X. We
can find §, with 0 < 6 < 1 such that 6||x — a|| < r (using this we are going to find another
element not in D). Let y = a+ §(x —a). Then ||y — a|| =6|[x —a|| < r.,and soy ¢ D. Thus
we see that the sets S, and S, with x = a, y are bounded. So there exist finite constants M;
and M such that [|Aa|| < My, ||Ay|| < My, for all A € A. Since Ay = Aa+ 0Ax — §Aa, we get
S||Ax|| = ||Ay|| + (6 — 1)||Aal| < M2 + (1 — §)My for all A € A. This implies that x ¢ D. Since

this is true for any x € X, we see that D is empty.
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Suppose a family of continuous linear operators on a Banach space X is
not uniformly bounded with respect norm. Then the set at which this
family converges pointwise is of the first category (i.e., it is a
countable union of nowhere dense sets). Note that every closed subspace is
of the first category.

Geometrically, the uniform boundedness theorem says that either each

A € A maps a bounded subset of a Banach space X into a fixed ball in Y
or there is some x € X such that no ball in Y contains all Ax with A € A.
The choice of such x is dense in X.

Theorem 13 (Banach-Steinhauss theorem).

Let X be a Banach space and Y be a normed space. Let | be an arbitrary
indexing set and, for each i € I, set T; € B(X,Y). Then, either there
exists M > 0 such that || T;|| < M for all i € I, or sup;¢, || Tix|| = oo for all
x belonging to some dense Gj set in X.
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Proof

For each x € V, set ¥(x) = sup;¢ || Tix||. Let Vo = {x € V : ¢(x) > n}. Since each T; is
continuous and since the norm is a continuous function, it is easy to see that V), is open for
each n. Assume now that there exists N such that V) fails to be dense in V. Then there exists
xo € V and r > 0 such that x + xg ¢ Vyy if ||x|| < r. (In other words, there is an open ball
B(xo, r) centered at xg and of radius r, which does not intersect V)y.) This implies that
P(x + x0) < N for all such x and so, for all i € I, || Ti(x + x0)|| < N. Thus, if [|x|| < 5, we
have, for all i € I, | Tix|| < || Ti(x + xo)|| + || Ti(x0)|| < 2N. It follows from this that, for all
i€l |Ti| < % and so the first alternative holds with M = @. The other possibility is that

each V, is dense, and so, V being complete, by Baire's theorem, N,V, is a dense G5 and for

each x € NpV;, we have ¢(x) = co.
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Application of Uniform Boundedness Principle - Resonance

Theorem

Theorem 14.

Let X be a Banach space, Y a normed space and

Th € B(X,Y),n=1,2,... such that sup, || Tp|| = co. Then there exists
an xp € X such that sup,, || Toxo|| = oc.

The point xq is often called a point of resonance. The points of
resonance form a dense subset of X.

Let X be a normed space and E be a subset of X. Then E is bounded iff
x*(E) is bounded for every x* € X*.
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As E is bounded, there exists k > 0 such that ||x|| < k for all x € E. For each x* € X*,
[x* ()| < |Ix*|| [Ix]| < ¢||x*||, x*(E) is bounded. Or, continuous image of a bounded set is

bounded, x*(E) is bounded, for each x* € X*.

Conversely, X can be embedded into X** by the canonical embedding J : X — X** by x — ¢x,
where ¢, (x*) = x*(x). And ||x|| = ||¢x]|| (to prove this we used Hahn-Banach theorem).
Through this isometric isomorphism J, we can consider X as a subspace of X**. Since

{|x*(x)| : x € E} is bounded for each x* € X*, {|¢x(x*)| : x € E} is bounded for each

x* e X*.

Since X* is Banach and {¢x(x*)} is pointwise bounded on X*, by uniform boundedness
theorem, {¢x : x € E} is uniformly bounded. Hence {||¢«|| : x € E} = {||x|]|: x € E} is
bounded. The boundedness of x*(E) for every x* € X* implies the boundedness of E in X.
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Boundedness of a subset of a Banach space

To check the boundedness of a set V in a Banach space, it thus suffices to
verify that its image under each continuous linear functional is bounded. In
finite dimensional spaces, this is what we precisely do. We check that the
image under each coordinate projection is bounded and these form a basis
for the dual space.

In the language of weak topologies, the conclusion of the Theorem 15 is
read as “weakly bounded <= bounded".

Corollary 16.

Every weakly convergent sequence (x,) is bounded and ||x|| < liminf ||x,||.

Proof.

Suppose (xn) is a weakly convergent sequence. Then for each f € X*, the sequence (f(x»)) is

convergent, bounded and hence (x,) bounded.
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Application of Uniform Boundedness

Boundedness is a necessary condition for weakly convergent sequence. An
unbounded sequence cannot be weakly convergent (or convergent).

Let X be a Banach space, Y be a normed space. Then A C B(X,Y) is
bounded iff {y*(Tx) : T € A} is bounded for every x € X and every
y*eyvyr

Proof.

For a fixed x € X, {Tx: T € A} is bounded, by resonance theorem. From Banach-Steinhaus
theorem {T : T € A} is bounded.
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Theorem 15 is not true in general when the boundedness is

replaced by convergence.

The convergence of x*(x,) for every x* € X* may not imply the
convergence of (x,) in X.

Example 18.

X =1l =X* and y = (x*(e1), x*(e2),...). Then
y = (x*(en)) € (L2)* = 2. Hence (x*(en)) converges to 0 for every
x* € £y. But (e,) does not converge in X, since ||e, — em||2 = /2, for all

n# m.
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Application of Uniform Boundedness Principle

Theorem 19.

Let X and Y be normed spaces and T : X — Y be a linear operator. Then
T is continuous iff y* o T € X* for every y* € Y* (the composition map
goA: X — K belongs to X* for every g € Y*).

Proof.

Since T is given to be linear, we see that y* o T is linear for each y* € Y*. If T is continuous,
y* o T is continuous. Conversely, suppose y* o T is continuous for each y* € Y*. Let
S={xe X :|x|]] £1}. Then (y* o T)(S) is bounded in K. Since this is true for all y* € Y*,
by uniform boundedness principle, T(S) is bounded in Y, that is, T is bounded.
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If the scalar field K is R, we can give some geometric

meaning to the resonance theorem.

Let X be a normed space over R and f be a linear functional on X.
Corresponding to « € R, consider the hyperplane

Hf o = {x € X : f(x) = a} = xo + N(f),
where x, € X is such that f(x,) = a.

Now, for E C X, the set f(E) is bounded if and only if there exist a, f € R
such that ae < f(x) < 3 for all x € E iff E is on the left side of H¢ 3 and
on the right side of Hy 4.

Thus, resonance theorem states that a subset E C X is bounded in X iff
for every f € X* there are a, 3 € R such that E lies between the
hyperplanes Hr , and Hr 3.
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Using uniform boundedness principle, we can show that

Pla, b] with ||.|| is not a Banach space.

Proposition 20.

Let X = P|a, b] with ||.||c. Using uniform boundedness principle, show
that X is not a Banach space.

Proof.

We construct a sequence of bounded linear operators on X which is pointwise bounded but not
uniformly bounded, so that X cannot be complete. For x(t) = 3, a;t/ (o = 0 for j > Ny),
[[x]| = max; |oj|. Define f; : X — K by fo(x) = o + a1 + - - + a, . Then each f, is linear and

bounded since |o;| < ||x]|, so that |f(x)| < (n+ 1)||x||. Hence (fn) is pointwise bounded.

We now show that (f,) is not uniformly bounded, that is, there is no ¢ such that ||| < ¢ for all
n. This we do by choosing particularly disadvantageous polynomials. For f, we choose x defined

by x(t) =1+t +---+t". Then ||x|| = 1 and ||fa]| > fﬁynﬂ = n+1so that (||f,]]) is

unbounded.
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Summary

Theorem 21.

Let A be a subset of bounded linear operators from a Banach space X into
a normed space Y. The following statements are equivalent:

1. A is bounded (uniformly bounded).
2. {Tx: T € A} is bounded for each x € X (pointwise bounded).

3. {y*(Tx) : T € A} is bounded for each x € X and y* € Y* (weakly
bounded).

P. Sam Johnson Uniform Boundedness Principle 26/53



Applications

Theorem 22 (Continuity of bilinear maps).

Let X,Y,Z be normed spaces, of which X or Y is Banach and A : X X Y — Z is linear. Define
Ao Y > Zand AY : X = Z by Ac(y) = A(x,y) = AY(x), x e X,y € Y. If Ax € B(Y, Z) for
all x € X and AY € B(X, Z) for all y € Y, then A is jointly continuous, and

[JA(x, ¥)|| < k||x]| |lyl| for x € X,y € Y, where k is a constant. In particular, if x, — x in X
and y, — y in Y, then A(xn, yn) = A(x,y) in Z.

Proof. Suppose that X is Banach. Let E = {y € Y : |ly|| < 1}. Consider the family

{AY : y € E} of bounded linear operators from X to Z. For x € X, y € E,

JAY ()| = A I = A < 1A Iy Il < ||Ax|l- This shows that this family is pointwise
bounded on X. Hence the uniform boundedness principle implies that {||AY|| : y € E} is a
bounded set. Let ||AY|| < kforally € E. Forx e X,y € Y y#Oletz—ﬁ Then z € E,
and so, [|A(x,2)[l = [142(:)ll < 14| [lx]| < kllx]l. However, A(x, 2) = Ax(z) = 71 A(x,¥).
Hence, ||A(x, y)|| = Iyl l|A(x, 2)]] < k||x|[|ly]l- Since A(x,0) = A«(0) = 0, this is true when

y = 0 also. Therefore, ||A(x, y)|| < k||x||||ly]] for all x € X, y € Y. We can easily prove that A
is jointly continuous. If Y is Banach, we can consider the family {Ax : x € X, ||x]| < 1} of

bounded linear operators from Y to Z and proceed as above.
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Applications

Proposition 23.

Let (ap) be a sequence of scalars such that %> ; anx, converges for every
(xn) converging to zero. Then Y " |as| < co (the series Y 1 a, is
absolutely convergent).

Proof.

Let f, : cg = K by f(x) = Y i_; aix;, for x = (xa) € cp. Since

Ifa(x)] < 301 |ail.l[x]leo, €ach f, is a continuous linear functional on c.
Let f(x) = limp_yo0 fn(x) = limp00 D11 @ix;. Then f is a continuous
linear functional on X and ||f|| + "2 |aa|. Since f is bounded,

> et lan] < oo

P. Sam Johnson Uniform Boundedness Principle 28/53



Applications

Proposition 24.

Let1 < p < oo and %) + % = 1. A sequence y = (y1,»,...) belongs to (g
iff 32721 Xjyj converges for every x € L.

Particular cases for p =1 and p = oo of the Proposition 24 is discussed
below.

Let (an) be a sequence of scalars such that y_ " | anx, converges for every
(xn) € 1. Show that (a,) € loo.

Let f, : 61 — K by fo(x) = D71 aixi. If Y axx is convergent, whenever
(an) € co, then (ap) € ¢1.

P. Sam Johnson Uniform Boundedness Principle 29/53



Convergence of Sequences of Operators

Sequences of bounded linear operators and functionals arise frequently in
the abstract formulation of concrete situations, for instance in connection
with convergence problems of Fourier series or sequences of interpolation
polynomials or methods of numerical integration, to name just a few.

In such cases one is usually concerned with the convergence of those
sequences of operators or functionals, with boundedness of corresponding
sequences of norms or with similar properties. For sequences of operators
Tn € B(X,Y) there types of convergence turn out be of theoretical as well
as practical value.

P. Sam Johnson Uniform Boundedness Principle 30/53



Convergence of Sequences of Operators

These are

1. Convergence in the norm on B(X,Y),
2. Strong convergence of (Tpx) in Y,

3. Weak convergence of (T,x) in Y.

The definitions and terminology were introduced by J. von Neumann.
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Uniform Boundedness Theorem

Theorem 27 (Uniform Boundedness Theorem).

Let X and Y be normed spaces and (T,) be a sequence in B(X,Y) such
that (T,x) converges in Y for every x € X. If (|| Ty||) is a bounded
sequence, then the operator T : X — Y defined by Tx = lim, T, x, x € X,
belongs to B(X,Y) and | T|| < liminf, | T,

Proof.

Define Tx = lim T,x. The linearity of T follows from its definition. Also,
for every x € X, we have

| Tx|| = limpsoo || Tox|| = liminf, || Tox|| < liminf, || T4l ||x|| so that T is
bounded and || T|| < liminf, || T,].
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Uniform Boundedness Theorem

In the above result, it was required that ( T,,x) converges for every x € X.
One may ask whether this condition can be guaranteed by knowing the
convergence of (Tpx) for x in some subset E of X.

It can be easily seen that if E C X is such that span(E) = X or if E
contains any of the sets {x € X : ||x|| < r}, {x € X : ||x|| = r} for some

r > 0, then the convergence of (Tpx) for x € E implies the convergence of
(Thx) for all x € X.

Now we show that if Y is a Banach space, then E can be any set such that
span(E) is dense in X.
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The strict inequality can occur in || T|| < liminf,o || T4ll-

Example 28.

If X =41 and fy(x) = xn, then f, € X* and fy(x) — f(x) = 0 for each
x € X. Since ||fy|| =1 for each n, we have 0 = ||f|| < liminf ||f,]| = 1.

Remark 29.

By Uniform Boundedness Theorem, the condition of boundedness of (|| T,||)
is redundant if X is Banach. That is, if X is Banach and if T,, —s T, then
T is also bounded by Uniform Boundedness principle. What is the relation
between this T and the uniform limit of (T,)? From above point, the norm
of T is less than or equal to the norm of uniform limit of (T,).

o
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Strong Cauchy Sequence

Suppose X is Banach. If a sequence (T,) is Cauchy in the strong sense,
that is, for all x € X the sequence (T,x) is Cauchy in X, then there exists
T € B(X) such that T,, — T strongly. That is, if X is complete, then the
strong operator topology on B(X, Y) is complete.

The sequence (T,) in B(X, Y) is said to be a strong Cauchy sequence if
the sequence (T,x) is a Cauchy sequence for all x € X. The above result
says that if the spaces X and Y are Banach spaces, then B(X,Y) is
complete in the strong sense.
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Applications of Banach-Steinhauss theorem

Theorem 30.

Let T, € B(X,Y) and Y be Banach. If T,x — Tx for every x in a total
subset E and (|| T,||) is bounded, then T, —s T. Moreover, if X and Y
are Banach, T, —s T iff T, —s on some total subset.

Proof.

Suppose Y is Banach and T,x — Tx for every x € E such that D = (E) is dense in X. Let
x € X.

Since D is dense in X, for each € > 0, there exists u € D such that ||[x — u|| < . Since (Thu)
converges for all u € D, there exists N such that || Thou — Thu|| < e, for all n,m > N.

Since (]| Th||) is bounded, there exists ¢ > 0 such that sup,, || Ty|| < c. For n,m € N,
| Tax — Tx|| < (I Tl + | TmlDlIx — ul| + || Tou — Tmul| < (2¢ + 1)e, (Tax) is Cauchy in Y,

hence (T,x) converges, for all x € X.
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Strong Convergence

To use the Banach-Stienhauss theorem, the following result on the strong convergence of a
sequence of bounded linear operators is useful.

Suppose X and Y are Banach. A sequence of operators T, € B(X, Y) converges strongly to an
operator T € B(X, Y) if and only if the sequence (Tpx) converges for any x in a total subset E.

Proof. If (T,x) converges for any x € X, then (T,x) converges for any x from a dense subset
of X. From Banach-Steinhaus theorem, there exists ¢ > 0 such that || T,|| < c. On the other
hand, assume that (T,x) converges for any x in a dense subspace M of X and || T,|| < c. For
any x € M define the operator Tg via Tox = lim, T,x. It is clear that the operator Ty is linear
and moreover from || Thx|| < c||x|| it follows that || To|| < c. We extend the operator Ty on the
whole space X as follows: for any x € X take xn € M, x;m — x and set Tx = limp, Toxm. It is
easy to check that the limit exists, does not depend on the choice of the sequence x, and

|T] < c. Let us show that for any x € X, Tp,x — Tx. For e > 0 and take xp € M such that
Ix — xoll < ﬁ and next take No > 0 such that for any n > No, || Taxo — Txol| < 5. Thus,
for any n > Np, we obtain || Tox — Tx|| < (| Tall + I TIN(lIxo = xI1) + | Tax — Txo|l < 5+ 5 =&
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Strong Convergence

In the above proof, it is sufficient to consider (T,x) is Cauchy in Y in place of (T,x) converges
for every x in a total subset M of X.

A sequence (T,) of operators T, € B(X,Y), where X and Y are Banach spaces, is strongly
operator convergent iff the sequence (|| T,||) is bounded and the sequence (Tyx) is Cauchy in Y
for every x in a total subset M of X.

Proof. We prove only the converse part. Let x € X and £ > 0 be given. Since span M is dense
in X, there is a y € span M such that ||x — y|| < 5, where || Ty|| < c for all n. Since

y € span M, the sequence (Tpy) is Cauchy. Hence there is an N such that || Toy — Tmy|| < £,

for all m,n > N. Using these two inequalities and applying the triangle inequality, we readily see
that (Tsx) is Cauchy in Y because for m,n > N we obtain || Tox — Tmx|| <

[ Tox = Tayll + 1 Toy = Tyl + [ Tmy — Tox|| < | Tall Ix =yl + 5 + I Tmll lIx — [l <e&. Since
Y is complete, (Tnx) converges in Y. Since x € X was arbitrary, this proves strong operator

convergence of (Tp).
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Applications in summability of sequences and numerical
Integration

A sequence (f,) of bounded linear functionals on a Banach space X is
weak* convergent, and the limit being a bounded linear functional on X iff
the sequence (||f,||) is bounded and the sequence (f,(x)) is Cauchy for
every x in a total subset M of X.

This has interesting applications in summability of sequences and numerical
integration.

P. Sam Johnson Uniform Boundedness Principle 39/53



An Interesting Fact

X and Y are normed spaces. (T,) is a sequence of bounded linear
operators from X into Y. Suppose T,, —s T where Tx = lim T,x. Since
addition and scalar multiplication are continuous, T is linear. Suppose X is
Banach. Then T is bounded but T, need not converge to T in the norm
topology.

Example 34.

Let Tp: by — Uy by Tp(x1,x2,...) = (x1,Xx2,...,X%n,0,0,...). Tpx — Ix
because || Tox — x||3 = D21 ;|2 as n — oo but

sup|x|<1 | Tax — x[l2 > || Thent1 — entalla =1 for all n € N. We may
observe that for each n € N, the operators T, and | — T, are orthogonal
projections, and hence, we already know that

supjxji<1 | Tax — xll2 = || Tn — I|| = 1 for all n. This example shows that
Tn € B(X,Y) and Tpox — x for all x. Since X is Banach, | is bounded but
T, - | in the norm topology.

v
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Useful consequence of the uniform boundedness principle in

numerical functional analysis

A consequence of the uniform boundedness principle, which is very useful in
numerical functional analysis, is the following.

Let X be a Banach space, Y a normed space, and (A,;) be a sequence in
B(X,Y) such that (Anx) converges for every x € X. Let A: X — Y be
defined by Ax = lim, A,x, x € X. Then for every totally bounded subset
S C X, supycs ||[Anx — Ax|| = 0 as n — oo.

We obtained uniform convergence of a sequence of operators in B(X, Y)
on totally bounded subsets of X provided we have pointwise convergence
on a Banach space X.
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Gliding Hump Argument

We now see a different derivation of the uniform boundedness principle
that does not use any form of the Baire category theorem. The argument,
essentially due to Hahn, is of a type called a “gliding hump” (also called
“sliding hump”) argument.

The only use of completeness in the argument is to assure that a certain
absolutely convergent series converges.

The proof of uniform boundedness principle without using any other form
of the Baire category theorem is essentially from Hahn's 1922 paper,
through he stated the result only for sequences of linear functionals. This is
called a gliding hump argument.
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Gliding Hump Argument

Gliding hump arguments probably first appeared in work by Henri Lebesgue
from 1905. Hahn specifically stated in his paper that the basic method for
his proof was taken from a 1909 paper by Lebesgue.

The original proofs given by Hans Hahn and Stefan Banach in 1922 were
quite different: they began from the assumption that

sup || T = o0
TeF

and used a “gliding hump” (also called “sliding hump") technique to
construct a sequence (T,) in F and a point x € X such that

lim || Thx|| = oc.
n—o0
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A non-Baire proof of Banach-Steinhaus theorem

We now see a proof of the uniform boundedness theorem which can be
comprehended by observing a single equation. The proof is elementary in
Halmos's sense of the work in that it does not use the Baire category
theorem or any related lemmas. It uses a so-called “gliding-hump”
technique. It is weaker than the Baire-based proof since the other one
shows that an unbounded family of operators can only be pointwise
bounded on a meager set of points, wheras this proof reveals only that
some sequence may be constructed on which an unbounded family of
operators is unbounded at some point.

Theorem 36 (Banach-Steinhaus Theorem).

Let X be a Banach space and Y be a normed space and F C B(X,Y).
Then if sup{|| Tx| : T € F} < oo for all x € X we must have that

sup{||T|l: T € F} < 0.
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Proof adapted from “A Short Course in Banach Space

Theory”, by N.L.Carothers.

Suppose that F is not uniformly bounded, i.e. suprcg || Tl = co.
We wish to establish the existence of a point at which F is not bounded.

Fix 0 <6 < % Select Ty from F Let x1 in X be so |[x1|| =& and || Tixa|| > (1 — )| Tal| ||x1l|-

We now conduct an induction. Having selected Ty,..., Tp—1 and xi,...,xp—1, select T, from
F for which M N
_ n
Tl > 22
I7all > 55750

where M,_1 = sup || T(x1 + -+ + xp—1)|| and then choose x, in Xo with ||xs|| = é" and
TeF

[ Toxall > (1 = ) Tall [[xall = (L — 8)8"[| Tall-
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Proof (contd...)

Notice that the series > 72 ; xx has Cauchy sequence of partial sums, hence converges in the
Banach space X. Observe that the choices of T, and x, entail that

) 1-—
(1 - 1—) I Toxall = 522 Tasall > (1 26)0" Toll > Ma1 4
while
Tn Z k|| < N Tnll Z d _||Tn||7 < 6||Tan||'
k=n+1 k=n+1 -

We put this together to compute for x = Y22 ; x4 that

n—1 oo
1Toxll = 1 Toxall = || o S x| | = || 70 32 e
k=1 k=n+1

é
(1 — 17) | Taxn|| = Mp—1 > n.

Hence F is not pointwise bounded on all of X which contradicts the assumption. Thus the proof

is completed.
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Notice that the point of this proof is that we may write

n—1

o
Tox = T, E Xk + Thxn + T, g X
k=1 k=n+1
R = ,  norm>>M,_1 =n+
norm<Mp_1 norm<<|| Tpxa||

so that the growth of T,x, drives the growth of T,x. The series defining x
“humps”, for T, at n, and is relatively tame otherwise; it uniformly sums
bad phenomena for all T,,, simultaneously. In building the proof, we
selected vectors x,, to be summable via a geometric series (probably
primarly because these are the only sequences we really understand), and
choose the growth of operators T,, afterwards.
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Refer page 49 in the book “An Introduction to Banach

Space Theory” by Robert E. Megginson

Suppose that is a nonempty collection of bounded linear operators from a Banach space X into

a normed space Y such that sup{||T|| : T €} = +o00. The goal is to find an x in X such that
sup{|| Tx|| : T €} = +oo.

(a) The proof is based on the existence of sequences (T,) and (x5) in and X respectively such
that the following two conditions are satisfied for each positive integer n:
n—1
[ Taxall > n+ > [ Taxjl| (or >1if n=1);
j=1
[I%all < 27" min{|| ;|7 :j < n} (or <27 1ifn=1).

Argue that the only obstacle to the inductive construction of the sequence is the existence of an
x with the desired property. The existence of such a pair of sequences may therefore be assumed.

(b) Show that the series 3 x, converges to some x in X.
(c) Show that 3772 . || Tax;ll < 1 for each n.

(d) Show that || Tpx|| > n—1 for each n, so sup{||Tx|| : T €} = +oo.
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The sequences (T,) and (x,) are chosen so that ) x, converges to some
x in X and, for each n, the major contribution to T,x comes from T,x,.

If (|| Tax;l|)72, is considered to be a sequence that depends on the
parameter n, then the sequence has a “hump” in it at the n®/ term.

As n increases, this hump glides forward and has unbounded height.
Incidentally, the argument can be simplified very slightly by replacing

n—1
> I Taxl
j=1

by ||T,,(ZJ":_11 xj)|| in (a), but then it is not obvious that || T;x,|| must be
the dominant term of the sequence (|| Thx;||)72;, and therefore it is harder
to see the hump.
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A simple elementary proof of the uniform boundedness
theorem!?

Theorem 38 (Uniform Boundedness Theorem).

Let F be a family of bounded linear operators from a Banach space X to a
normed linear space Y. If F is pointwise bounded (i.e., supter|| Tx|| < oo
for all x € X), then F is norm-bounded (i.e., suprcx || T| < 00).

YAlan D. Sokal, A really simple elementary proof of the uniform boundedness
theorem, The American Mathematical Monthly, Vol.118, No.5 (May 2011), pp.450-452



Proof

To prove the theorem, we first prove the following lemma.

Lemma 39.

Let T be a bounded linear operator from a normed linear space X to a
normed linear space Y. Then for any x € X and r > 0, we have

sup | X[l = (| T||r, (1)
x'€B(x,r)

where B(x,r) ={x" € X : |x' — x|| < r}.

Proof. For £ € X we have

max{| T(x + O I T(x = O} = FUTx+ I+ ITx =M > ITEll, (2)

where the second > uses the triangle inequality in the form || — B]| < ||| + || 3]]. Now take the

supremum over § € B(0, r).
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Proof of the Uniform Boundedness Theorem

Suppose that supr¢c = || T|| = oo0,and choose (T,)22, in F such that || T,|| > 4".

Then set xop = 0, and for n > 1 use the Lemma 39 to choose inductively x, € X such that
[ = xa—1]l < 37" and || Toxal| > 537" Ta]l-

The sequence (xn) is Cauchy, hence covergent to some x € X; and it is easy to see that
[[x — xa]| < %3*" and hence

1., 1 .,
1 Toxll > £377ITall > 5(4/3)" = oc.

As just seen, this proof is most conveniently expressed in terms of a
sequence (x,) that converges to x. This contrasts with the earlier “gliding
hump” proofs, which used a series that sums to x. Of course, sequences
and series are equivalent, so each proof can be expressed in either
language; it is a question of taste which formulation one finds simpler.
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